
NONLINEAR ELECTRIC FIELD OSCILLATIONS 

IN CONTINUOUS MEDIA 
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Strong nonlinear potential and dr i f t -veloci ty  waves in a nonequilibrium medium, in which the 
c u r r e n t - c a r r i e r  collision frequency depends on the e lectr ic  field, a re  considered in the hydro -  
dynamic approximation. 

Under certain conditions, the differential opera tor  describing the e lectr ic  field in a nonlinear medium 
can change f rom one type to another [1]. In this case field osci l lat ions can appear which cannot be t reated 
in the context of a l inear theory, because the variat ions in the steady state of the initially undisturbed quan- 
ti t ies are  not negligible. For  a logical examination of the s t ruc ture  of high-amplitude waves in an electr ic  
field, the kinetic equation for the cur ren t  c a r r i e r s ,  as well as the field equations, must  be used. Such a 
study of the oscil lat ions is ve ry  detailed, and it is ext remely  complicated from the mathematical  point of 
view~ An exact solution of the problem is easi ly obtained on the basis of the equations of plasma dynamics 
in the hydrodynamic approximation. 

The equations of motion and continuity for the e lect rons  and Po i s son ' s  equation for the e lectrosta t ic  
potential provide our s tar t ing-point  in the problem~ Conditions are  considered for which the natural m a g -  
netic field of the cur ren t  and the charge p r e s s u r e  gradient can be neglected~ 

1~ tn the one-dimensional  nonstat ionary case, for a fixed ion background, we have the sys tem of 
equations 

Ou , Ou , e OT u _ 0 On Ou On Oeq) 4r~e 
o~mUT~x ~-~-~5~x @ T  - -  , ~ - @ n ~ - ~ - u ~ - x  = 0 ,  -- (no--n) ox2 T (1.1) 

where u, e, m, and T are  the directed velocity, charge, mass ,  and collision t ime of an electron,  r e spec t ive -  
ly; q) is the e lect ros ta t ic  potential; n and n o a re  the e lectron and ion densities; and ~ is the dielectr ic 
co nstant. 

The nonlinearity of system (1.1) is due to the presence  of the delay t e rm udu/dx in the equations of 
motion and the dependence of the relaxation t ime ~- on the velocity u. A general  investigation of (1.1) is 
possible without specifying a par t icu lar  function ~- = T(U); it is only neces sa ry  for T(U) to be smooth, con-  
tinuous, and increasing.  

We consider  the solution of (1.1) in a coordinate sys tem moving with constant velocity U relat ive to 
the initial sys tem ( ~ = x - Ut). In the moving system 

e (pt u 
( u - - U )  u' - ~  + ~ -  0,, ( u - - U ) n = c o n s t = ( u o - - U ) n  o 

(1.2) 
@, 4ge [n 

= - ~ - ~ ,  o - - n )  

where the pr imes  denote differentiation with respec t  to ~ ~ 

Eliminating the potential f rom the f i rs t  equation, we obtain a nonlinear second-order  equation for the 
velocity:  
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U -- ~/0 (u - U) u" + (u') ~ + t - - A ~  u '  + coo ~ = 0 

Ou ~ e ~ n o  
A .  - -  u U.. ~ = u'~ -dT-, ~176 - -  �9 U z ' m 8  

(1.3) 

H e r e ,  w 0 i s  the  p l a s m a  f r equency ;  A T i s  a d i m e n s i o n l e s s  n u m b e r ;  U T i s  the  l o c a l  v e l o c i t y  of p r o -  
p a g a t i o n  of  d i s t u r b a n c e s  in t he  n o n l i n e a r  m e d i u m ;  and U~- and A T c h a r a c t e r i z e ,  r e s p e c t i v e l y ,  the  a b s o l u t e  
and r e l a t i v e  d e g r e e s  of  m e d i u m  n o n l i n e a r i t y ,  due to the  d e p e n d e n c e  of  ~- on u. 

If U~- t a k e s  v a l u e s  U T < u (A~. > 1), then  i t  fo l lows  f r o m  

u dv d u (1.4) 
t - -A~2- - - - I  v du  - -  T ~ * 

tha t ,  in the  a s s u m e d  cond i t i ons ,  the  coe f f i c i en t  of  d y n a m i c  f r i c t i o n  u ~  wi l l  i n c r e a s e  a long  with  u, unt i l  the  
l a t t e r  r e a c h e s  a c r i t i c a l  v a l u e  u . ,  c o r r e s p o n d i n g  to A T = 1; a s  u i n c r e a s e s  beyond  th i s  c r i t i c a l  v e l o c i t y ,  the  
c o e f f i c i e n t  of  f r i c t i o n  d e c r e a s e s  (F ig .  1)o 

On the  whole ,  the  c o e f f i c i e n t  

t --A. e d u 
(Od "~ d u  

of u '  in (1.3) i s  a d i f f e r e n t i a l  f r equency ,  which  i s  p o s i t i v e  when A T < 1 and t a k e s  nega t ive  v a l u e s  when 
AT > i (F ig .  2). The  r a t i o s  of  the  a b s o l u t e  v a l u e s  o f  t he  p l a s m a  f r e q u e n c y  w0, the  d i f f e r e n t i a l  f r e q u e n c y  Wd, 
and the  c o l l i s i o n  f r e q u e n c y  w = 1/T d e t e r m i n e  the  n a t u r e  of  the  n o n l i n e a r  o s c i l l a t i o n s  of  the  d r i f t  v e l o c i t y ,  
the  e l e c t r o n  d e n s i t y ,  and  the  e l e c t r o s t a t i c  po t e n t i a l .  

2. Equa t ion  (1.3) h a s  one s i m p l e  e q u i l i b r i u m  s t a t e  (u0, 0) on the  p h a s e  p lane  u, u ' ,  wh i l e  the  r o o t s  of 
t he  c h a r a c t e r i s t i c  equa t ion  a r e  g iven  by 

�9 ~ 1 , 2  "~- ~ - -  2"17 ~ " 4r~ C00 ~ - -  (201) - -  - -  u - -  U - ~ -  ~ - -  ~ 1 7 6  

Seven t y p e s  of  s i n g u l a r i t y  a r e  p o s s i b l e :  

a) a s i m p l e  s t a b l e  node 0.5w d > w0, 
b) a d e g e n e r a t e  s t a b l e  node 0.5w d = w0, 
c) a s t a b l e  focus  0.5w d < w0, 
d) a c e n t e r  co d = 0, 
e) an u n s t a b l e  focus  -0 .5Wd< %, 
f) an uns t ab l e  d e g e n e r a t e  node - 0 . 5 w  d = w0, 
g) a s i m p l e  u n s t a b l e  node -0o5W d > w 0. 

A d i a g r a m  showing  the  r e g i o n s  of the  w.  = 1/rw0, A~- p l a n e  in  which  the  d i f f e r e n t  t y p e s  of s i n g u l a r i t y  
e x i s t  i s  g iven  in F ig .  3; in 1 and 2 we have  a s t a b l e  node  and focus ,  and in 3 and 4, an u n s t a b l e  focus  and 
node,  r e s p e c t i v e l y .  On the  b o u n d a r i e s  of  node and focus  r e g i o n s  we have  d e g e n e r a t e  nodes ,  and  on the  
b o u n d a r y  of the  s t a b l e  and u n s t a b l e  focus  r e g i o n s  we have  a c e n t e r .  

Thus ,  i f  the  d i r e c t e d  e l e c t r o n  v e l o c i t y  u i s  g r e a t e r  than the  v e l o c i t y  U~. (A T > 1), u n s t a b l e  o s c i l l a t i o n s  
a p p e a r  in the  m e d i u m .  Th i s  i s  c o n n e c t e d  with  the  fac t  t ha t  t he  f r i c t i o n  f o r c e  mu/~- d e c r e a s e s  a s  u i n -  
c r e a s e s .  When  u < U z ( A v <  1), the  f r i c t i o n  i n c r e a s e s  with u (F ig .  1), so tha t  t h e  v e l o c i t y  o s c i l l a t i o n s  a r e  
a l w a y s  damped .  When u = U T ( A T = 1),  the  v a r i a t i o n  of  the  f r i c t i o n  f o r c e  i s  z e r o ,  o r  m o r e  p r e c i s e l y ,  i t  i s  
i n d e p e n d e n t  of the  v e l o c i t y  (T = an, a = const ) ,  and a p e r i o d i c  o s c i l l a t i o n  of  u o c c u r s  in t he  m e d i u m  a s  a 
r e s u l t  o f  t he  i n e r t i a  in the  e l e c t r o n  m o v e m e n t .  

In t h i s  c a s e ,  the  f i r s t  i n t e g r a l  of (1.3) i s  

( u  - -  U ) u "  = co o [C 2 - -  ( u  - -  u0)2] 1/~ (2.2) 

w h e r e  the  c o n s t a n t  C de f ines  t he  a m p l i t u d e  of  o s c i l l a t i o n s .  On i n t e g r a t i n g  (202) we ge t  

u - -  u0 ( 2 . 3 )  _ _ _  2 I,~ ( u 0 - - U ) a r c s i n  C [ C ~ - - ( u  - uo) ] = o o ( x - -  U t )  
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We see that the periodic oscil lat ions of the veloci ty in the nonlinear 
medium have a f requency equal to the plasma frequency ~0. 

Successively  integrating Poisson ' s  equation, we get 

e , 
%- ~ ---- -- c~ -- % [C 2 -- (u -- u0)2] 'I"~ (2.4) 

(Uo--U)arcsin [~(]/-2a~ + 2~-m ~ -- uo ~- U)] 

- -  C 2 -  2a~ ~ 2 -~ ~ --  Uo ~- U = o)o~ 

This shows that the linear variation of the potential in } is modulated by 
oscillations of the plasma frequency. When c~ = 0 (no collisions), Eqo (2.4) 
yields the expressions obtained by Akhiezer and Lyubarskii concerning the non- 

linear oscillations of a collision-free cold plasma [2]~ 
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